This paper deals with the frequency domain analysis of nonlinear systems based on some recently developed results. A new systematic approach to the analysis and design of system output frequency response in terms of system time domain model parameters is proposed for nonlinear Volterra systems. A general procedure to conduct an output frequency response function (OFRF)-based analysis is given, the potential applications of the OFRF-based analysis are discussed, and some useful results and techniques are established, especially for the analysis of nonlinear systems with respect to any specific model parameters. These results facilitate and illustrate the practical application of the new method. A case study for the analysis of a mechanical system is provided to illustrate this new method. r
Introduction
Frequency domain analysis of a linear system can usually provide some intuitional insights into the system of interest, and thus is extensively adopted in engineering analysis and design. However, when it comes to a nonlinear system, it is not as easy as that for a linear system to perform a frequency domain analysis. It is known that nonlinear systems are often observed to have harmonics and complex inter-modulations, which transfer energy between different frequencies and give outputs at some quite different frequencies to those of the input, and in many systems chaos and bifurcation are also frequently encountered. These phenomena complicate the study of nonlinear systems in the frequency domain, and the frequency domain theory for linear systems cannot directly be extended to the nonlinear case. A systematic approach to the analysis of nonlinear systems in the frequency domain is yet to be developed.
In the past decades, some progress has been made in this topic in spite of these difficulties, such as the describing function method [1] [2] [3] [4] [5] [6] and the harmonic balance method [7, 8] . For a class of nonlinear systems, frequency domain analysis can also be conducted based on Volterra series theory [9, 10] . The nonlinear systems which have a Volterra series expansion [11] [12] [13] [14] [15] are simply referred to as nonlinear Volterra systems in this paper. uðt À k i Þ.
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In engineering practise, the NDE or NARX model can represent a wide class of nonlinear dynamical systems and include several well-known nonlinear input-output models as special cases [25] . The input-output relationship of model (1) or (2) can both be approximated in the neighbourhood of the equilibrium by a Volterra series of sufficient orders [15] . In order to conduct a frequency domain analysis for this class of nonlinear systems, the GFRF was proposed in [16] H n ðjo 1 ; . . . ; jo n Þ ¼ Z 1
À1
. . .
where h n ðt 1 ; . . . ; t n Þ is a real valued function of t 1 ; . . . ; t n called the nth-order Volterra kernel of the system. By probing method [10] , the recursive algorithms for the computation of the GFRFs for model (1) and (2) were developed in [26, 27] . The system output frequency response was studied in Lang and Billings [28] . Although these results provide an important basis for frequency domain analysis of nonlinear systems, it can be seen that the direct analytical computation of system output spectrum involves very complicated integral and symbolic operations in multi-dimensional complex space when the involved nonlinearity order is high, and the analytical relationship between model parameters and output spectrum cannot be demonstrated clearly by the recursive algorithms [22, 24] . This inhibits the application of these theoretical results to a certain extent. For these reasons, the concept of OFRF was proposed in Lang et al. [23] , which was also studied in Jing et al. [24] through the parametric characteristic analysis. The result in [24] explicitly reveals the analytical polynomial relationship between system model parameters and system output spectrum, and allows the detailed structure of the OFRF to be determined up to any high orders without complicated symbolic computations in multi-dimensional complex space. Based on the results in Jing et al. [24] , the nth-order GFRF in Eq. (3) can be written as
and the system output spectrum can therefore be written into a more explicit polynomial form as follows, which is referred to as the OFRF in Lang et al. [23] :
CEðH n ðÁÞÞj n ðjoÞ T ,
where
CE(.) is a novel coefficient extraction operator which has two fundamental operations ''''and ''È''. The detailed definitions can refer to Jing et al. [24] , and CE(H n ( Á )) is the parametric characteristics of the nth-order GFRF H n ðÁÞ, which can be recursively determined by (2) . Eq. (5a) or (6) provide a more straightforward analytical expression for the relationship between system time domain model parameters and system output frequency response. The system output frequency response can therefore be analyzed in terms of any interested model parameters by using this explicit relationship. Hence, it can considerably facilitate the analysis and design of the output frequency response characteristics of nonlinear Volterra systems in the frequency domain. The main idea for the OFRF-based analysis proposed in this paper is that, given the model of a nonlinear system in the form of model (1) or (2), CE(H n ( Á )) can be computed according to Eq. (5b) and j n (jo) can be obtained according to a numerical method which will be discussed later, thus the OFRF of the nonlinear system subject to any a specific input function can be achieved, which is an analytical function of nonlinear parameters of system model, and finally frequency domain analysis for the nonlinear system can be conducted in terms of the specific model parameters of interest. In order to conduct an OFRF-based analysis, a general procedure is provided in this paper and several basic algorithms and related results are discussed. In many practical applications, the problems may be how some specific model parameters affect system output spectrum and what the effect is. Therefore, some fundamental results are also developed to facilitate the application of the new method for this purpose.
A general procedure for the determination of the OFRF
In this section, a general procedure for the determination of the OFRF for a given model (1) or (2) is proposed, and some useful algorithms and techniques are provided.
Computation of the parametric characteristics of OFRF
This step is to derive c ¼ È n¼1 N CEðH n ðÁÞÞ in Eq. (6).
Determination of the largest order N
To derive the parametric characteristics of OFRF, the first task is to compute the largest order, i.e., N, of the Volterra series expansion for the nonlinear system, which is basically determined by the significance of the truncation error in the Volterra series expansion of finite order. This can alternatively be done by evaluating the magnitude of the nth-order output frequency response Y n (jo). For example, the magnitude bound of Y n (jo) for the NARX model (2) can be evaluated by [29] Y n ðjoÞ pa n b n _ T n ,
where a n ; _ n are complex valued functions, and b n is a function vector of the system model parameters. For the detailed definitions for a n ; b n ; _ n refer to Jing et al. [29] . If the magnitude bound of a certain order of Y n (jo) is less than a predefined value (for instance 10 À8 ), then the largest order N is obtained. It should be noted that the magnitude bound is a function of the model nonlinear parameters, therefore, the largest ranges of interest for each nonlinear parameter should be considered in the evaluation of |Y n (jo)|.
Determination of the parametric characteristics
Once the largest order N is determined, the next step is to derive the parametric characteristics of GFRFs for the nonlinear system, i.e., CE(H n ( Á )) from n ¼ 2 to N, which will be used in the computation of Basically, for some specific parameters to be analysed for a system, CE(H n ( Á )) can be recursively computed by Eq. (5b) with respect to these parameters of interest with the other non-zero nonlinear parameters being 1.
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Alternatively, CE(H n ( Á )) can also be determined directly without recursive computations by using the following result. Proposition 1. [24] . The elements of (CEðH n ðjo 1 ; . . . ; jo n Þ) includes the nonlinear parameter in C 0n and all the parameter monomials in C pq C p 1 q 1 C p 2 q 2 Á Á Á C p k q k for 0pkpnÀ2, whose subscripts satisfy
Based on Proposition 1, the computation of the parametric characteristic CE(H n ( Á )) can be conducted as follows, which is referred to as Process A. For 0pkpn À 2, (A1) Generate all the combinations (r 0 , r 1 , r 2 y, r k ) satisfying r 0 þ P k i¼1 r i ¼ n þ k and 2pr i pn À k with respect to a specific value of k; (A2) Generate all the possible combinations (p i ,q i ) with respect to each r i satisfying p i +q i ¼ r i , and note that when it is for r 0 , 1pp 0 pn À k; (A3) All the possible combinations can now be generated based on Steps (A1) and (A2), then remove all the repetitive terms; (A4) CE(H n ( Á )) is obtained in terms of the parameter vectors C p,q for some p,q, which can be stored for any future usage. For a specific nonlinear system, CE(H n ( Á )) can be obtained only by replacing the corresponding interested parameter vector C p,q with respect to the specific nonlinear system, and the other parameters in CE(H n ( Á )) are set to be zero if it is zero or set to be 1 if it is not of interest to be analysed. (A5) Achieve the final result by manipulating CE(H n ( Á )) and removing the repetitive terms according to the operation rules of ''È''and ''''(see [24] ).
By this method, the parametric characteristic CE(H n ( Á )) can be obtained without recursive computations.
For a summary, the parametric characteristic vector c ¼ È Therefore, based on Processes A and B, the parametric characteristics of the output frequency response with respect to any specific model parameters of interest can be determined, which are the coefficients of the polynomial function (6) . Thus the structure of the polynomial (6) is also explicitly determined at this stage.
A numerical method
This step is mainly to determine FðjoÞ ¼ f 1 ðjoÞ; f 2 ðjoÞ; . . . ; f N ðjoÞ Â Ã in Eq. (6), then the OFRF in Eq. (6) is obtained consequently. Since the system model is known and the parametric characteristic vector c ¼ 
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derived with respect to any a specific input by following a numerical method as follows, which is referred to as Process C:
(C1) Choose a series of different values of the interested nonlinear parameters, which are properly distributed in qS C , to form a series of vectors c 1 Á Á Á c rðNÞ , where rðNÞ ¼ c denotes the dimension of vector c, such that c ¼ ½c
(C2) Given a frequency o where the output frequency response of the nonlinear system is to be analysed or designed. Actuate the system using the same input under the different values of the nonlinear parameters 
Hence,
Remark 1. In Step C1, r(N) different values of the parameter vector c in the parameter space qS C , such that detðcÞa0 can be obtained by choosing a grid of parameter values of the interested nonlinear parameters properly spanned in qS C , or using a stochastic-based searching method or other optimization methods such as GA to generate a non-singular matrix c. In practices, it is not difficult to find such a matrix with a proper inverse, which will be illustrated in Section 5. In Step C2, given the largest order N of the system output spectrum, it can be seen that this algorithm needs r(N) simulations to obtain r(N) output frequency responses under different parameter values. Note from Step C1 that rðNÞ ¼ c ¼ È n¼1 N CEðH n ðÁÞÞ , which is not only a function of the largest order N but also dependent on the number of interested parameters. This implies the simulation burden will become heavier with the number of the interested parameters and the largest order N. In Step C3, since detðcÞa0, the complex valued function vector F(jo) in Eq. (11) is unique, which implies the result in Eq. (11) can sufficiently approximate to their real values if the truncation error incurred by the largest order N of the Volterra series is sufficiently small. Therefore, by following Process C, the complex valued function vector F(jo) can accurately be obtained for the specific input function used in Step C2 and at the given frequency o. Consequently, the OFRF (6) subject to the specific input function is now explicitly determined by following the method in Sections 3.1 and 3.2 for the nonlinear system of interest. Although the function vector F(jo) is obtained by using the numerical method above and consequently the obtained OFRF is not an analytical function of the frequencies and the input, the achieved relationship between the output spectrum and model nonlinear parameters is analytical and explicit for the specific input function at the given frequency o. Moreover, note that since CE(H n ( Á )) is known, and FðjoÞ ¼ j 1 ðjoÞ; j 2 ðjoÞ; . . . ; j N ðjoÞ Â Ã is determined, then Y n ðjoÞ ¼ CEðH n ðÁÞÞ Á j n ðjoÞ T is also determined, which represents the analytical function for the nth-order output frequency response of nonlinear systems.
It shall also be noted that, compared with the analytical computation by using the recursive algorithm for the GFRFs in Billings and Peyton-Jones [26] and the output spectrum provided in Lang and Billings [28] , the proposed method above as demonstrated in Sections 3.1 and 3.2 enable the OFRF to be obtained directly in a concise polynomial form as Eq. (6) without the complex integration in the high-dimensional super-plane o ¼ o 1 þ Á Á Á þ o n especially when the nonlinearity order n is high. By using the proposed method above, the OFRF can be determined up to very high orders with respect to any specific model parameters of interest and any specific input signal at any given frequency. The cost may lie in that the new method needs r(N) simulations.
OFRF-based analysis for specific model parameters
Once the OFRF is obtained, the analysis and design of nonlinear systems described by model (1) or (2) can be carried out in terms of the interested model parameters which define system nonlinearities and may represent some structural and controllable factors of a practical engineering system. For example, the sensitivity of system output frequency response with respect to a nonlinear parameter can be studied based on the analytical expression (6) . By using the link between the nonlinear terms of interest and the components of a practical engineering system and structure, the OFRF may provide a useful insight into the design of nonlinear components in the system to achieve a desired output performance. Therefore, the OFRF-based analysis method provides a novel approach to the analysis and synthesis of a considerably wide class of nonlinear systems subject to any specific input signal in the frequency domain.
Note that the parametric characteristic vector CE(H n ( Á )) for all the model nonlinear parameters can be obtained according to Eq. (5b) or Process A, and if there are only some parameters of interest, the computation can be conducted by only replacing the other non-zero parameters with 1 as mentioned above. In many cases, only several specific model parameters, for example parameters in C p,q , are of interest for a specific nonlinear system. Then the computation of the parametric characteristic vector in Eq. (6) can be simplified greatly. This section provides some useful results for the OFRF-based analysis with respect to one or more specific parameters in C p,q which can effectively facilitate the determination of the OFRF and the analysis based on the OFRF. Moreover, some potential applications of the OFRF-based analysis are also discussed. 
where Á b c is to get the integer part of (.) and is the reduced Kronecker product defined in Jing et al. [24] , when c is a vector. Proposition 2 establishes a very useful result to study the effects on the output frequency response from a specific nonlinear degree and type of nonlinear parameters. Note also that if some nonlinear parameters in model (1) or (2) are zero, only part terms in CEðH n ðjo 1 ; . . . ; jo n ÞÞ take an effective role. The detailed form of CEðH n ðjo 1 ; . . . ; jo n ÞÞ can be derived from Processes A and B. However, direct using Eq. (12) does not affect the final result and is more convenient. 
Proof. The results are directly followed from Propositions 1 and 2. & Corollary 1 provides a more special case of nonlinear system (1) or (2). There are only several nonlinear parameters of the same nonlinear type and degree in the considered system. This result will be used in the example of Section 5. The following results can be achieved for the output frequency response. 
If all the other degree and type of nonlinear parameters are zero except that C p,q ¼ c is non-zero (p+q41). Then the parametric characteristic vector of the output spectrum in (6) with respect to the parameter c is if
Proof. The results are straightforward from Proposition 2 and Corollary 1. &
The results above involve the computation of c n . If c is an I-dimension vector, there will be many repetitive terms involved in c n . To simplify the computation, the following lemma can be used. 
Analysis based on the OFRF with respect to C p,q
Based on the result in Corollary 2 and Eq. (6), with respect to a specific parameter c, the OFRF can be written as
Since Y(jo) is also a function of c, therefore, Eq. (14a) is rewritten more clearly as
Y(jo;c) is in fact a series of an infinite order, ' is a positive integer which can be determined by Corollary 2, j i ðjoÞ is the complex valued function corresponding to the coefficient c i in Eq. (6), which can be obtained by following the method in Process C. If all the other degree and type of nonlinear parameters are zero except that C p,q ¼ c is non-zero (p+q41), thenj iþ1 ðjoÞ ¼ j i ðjoÞ (j i (jo) is defined in Eqs. (5) and (6) . Based on Eq. (14) , the following analysis can be conducted.
(1) Sensitivity of the output frequency response to nonlinear parameters Based on Eq. (14) , this can be obtained easily as
Similarly, the sensitivity of the magnitude of the output frequency response with respect to the nonlinear parameters can also be derived. Note that 
It is obvious that the spectral density of the output frequency response is still a polynomial function of the parameter c. Eq. (16) can also be directly derived by following Process C. Thus, the sensitivity of the magnitude of the output spectrum to the parameter c can be obtained as
Given Eq. (15) 
The sensitivity function for system output spectrum with respect to a nonlinear parameter provides a useful insight into the effect on system output performance from the specific model parameters. This will be illustrated in Section 5. Another possible application of the sensitivity function is for the output oscillation suppression problem. In many engineering practices, the oscillation in system output should be suppressed as small as possible. Based on Eq. (17), it can be seen that it should be q Y ðjo; cÞ =qco0 for some c in order to reduce the magnitude level of output frequency response by properly designing the value of c. Consider Eq. (16), the following conclusion is obvious:
(a) q Y ðjo; cÞ =qco0 for some c ) 9 some n40; 
which is a function of ' and also varying with different nonlinear parameters. It can be seen that, if
then the output spectrum has a larger radius of convergence with respect to c 1 than that with respect to c 2 . Eq. (19) and inequality Eq. (20) can be used as an evaluation of the effect on the convergence of the Volterra series expansion for the nonlinear system under study from a model parameter and the comparative advantage between different parameters. Note that divergence of the Volterra series expansion can sometimes imply the instability of the system under study or the non-existence of a Volterra series expansion. Thus this analysis can provide some useful information for the design of system output frequency response in terms of different model parameters.
(3) Optimization of the output frequency response in terms of nonlinear parameters Given a desired magnitude of the output frequency response Y * , an optimal c * in qS c can be found such that
A systematic method for this purpose is yet to be developed, which will be discussed in a future study.
A case study
To demonstrate the application of the proposed OFRF-based analysis method, a nonlinear spring-damping system is studied as shown in Fig. 1 . The system has two nonlinear passive components and one nonlinear active unit. The active unit is described by
, the output property of the spring satisfies F ¼ Kx+c 3 x 3 , and the damper F ¼ B _ x þ c 4 _ x 3 . u(t) is the external input force. The system dynamics can be described by
Let the output be the transmitted force measured by
This kind of SDOF systems can be found in many engineering practices. The task for this case study is to investigate how the nonlinear terms included both in passive and active unites affect the output and what the effect might be, and thus to provide a useful insight into the design of corresponding nonlinear parameters to achieve a desired output frequency response.
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For clarity in discussion, let M ¼ 240, K ¼ 16000, and B ¼ 296, then Eq. (21) can be rewritten as
Eq. (22a) is a simple case of the NDE model (1) Therefore, what is interested in for this study is to analyse the effect of the nonlinear terms with coefficients c 1 , c 2 , c 3 and c 4 on the system output frequency response. To achieve this objective, the procedure proposed in Section 3 are adopted to derive the OFRF of system (22) , and the results in Section 4 will be used for the computation of the parametric characteristic of the OFRF with respect to the nonlinear parameters c 1 , c 2 , c 3 and c 4 . Moreover, though the method proposed in this paper is suitable for a general input function u(t), yet for convenience in discussion, the input of system (22) is considered to be a sinusoidal function u(t) ¼ 100 sin(8.lt). To illustrate the new results more clearly and conveniently, the parameter c 2 under the case of c 1 ¼ c 3 ¼ c 4 ¼ 0 is studied firstly in detail.
(1) Determine the parametric characteristics of OFRF Note that all the parameters of interest belong to C 30 , and the other degrees of nonlinear parameters are all zero. Thus Corollary 1 and 2 can be utilised directly. Therefore,
where c ¼ c 2 . To derive the detailed form for c, the largest order N should be determined first according to Process B in Section 3.2. In order to have a larger range in which the parameters can vary, in this case let c 2 A(0,10 8 ). Then the magnitude bound of Y n (jo) can be evaluated as mentioned in Process B. However, for paper limitation, the detailed computation is omitted in this case. It can be verified that N ¼ 23 is enough for use in this case. Therefore, (2) Determination of F(jo) for the OFRF Following Process C, the matrix c ¼ ½c
T should be constructed first. In this case, for any 12 different values of c 2 , the matrix c is a Vandermonde matrix and thus non-singular. Note that in many cases, the parameters may be set to be some large values and cover a large range. This will make the element values in the matrix c extraordinarily large. Then when the inverse of matrix c is computed, there may be some computation error involved in Matlab. To overcome this problem, c can be written as 
Moreover, the range for each parameter can be divided into several sub-range, and the final result is the combination of these results obtained for each sub-range. In this study, let k ¼ 10 5 , then c 2 ¼ c 2 =k 2 ½0; 1000. Choosec 2 to be the following values to construct c ¼ ½c Based on this function, Eq. (16) can be further computed as
Note that this is an alternating series and it holds that p i 4 p iþ1 and p i ! 0. Hence the series may keep decreasing when c is going larger and within its radius of convergence. By following the similar method demonstrated above, the OFRFs of system (22) Fig. 2 shows that the variation of the magnitude of the OFRFs with respect to each nonlinear parameter. It can be seen that the larger the nonlinear terms, the larger the effect they have on the system output frequency response; there is a good matching between the theoretical computation results and the simulation results to which they have been fitted, and there is also a good match between the theoretical computation results and the simulation tests (for parameter c 3 ) which are independent of the fitted simulation results. From both Figs. 2 and 3 it can also be seen that the system output frequency response is much more sensitive to the variation of the nonlinear parameters when they are small. Once the value of a nonlinear parameter is sufficiently large, then the sensitivity will tend to be zero. From comparisons between these four nonlinear terms, it can be concluded that the system output frequency response is more sensitive to the variation of the nonlinear parameter c 4 when the values are small; however, when the values of each nonlinear parameters are sufficiently large, the system output spectrum is more sensitive to the nonlinear parameter c 2 . From Fig. 4 it can be seen that the convergence of the OFRFs are all very fast. This can also be understood that the energy disperses quickly with the nonlinear order going larger. It is noted that the ratio functions of c 2 and c 3 go up much faster than that of c 1 , especially c 2 . This implies that the radius of convergence of the output spectrum corresponding to c 2 should be larger. Simulation tests verify that the system is still stable when c 2 ¼ 10 17 where the magnitude of the output spectrum is 0.0216, while the system tends to be unstable when c 1 tends to be larger than 10 8 . In order to construct the non-singular matrix c, the series of r(N) ¼ 55 different points c ¼ [c 1, c 2, c 3 ] in qS C ¼ fc ¼ ½c 1 ; c 2 ; c 3 jc 1 2 ½0; 1; c 2 2 ½0; 6; c 3 2 ½0; 5g can be obtained by using a simple stochastic-based searching method. In simulations, it is noticed that is easy to find such a series of points that det(c)6 ¼0. For example, a series of points c ¼ [c 1, c 2, c 3 ] are illustrated in Fig. 5 , and it can be obtained in this case that det(c) ¼ 0.08608811188201. It can be seen from simulations that it is easy to find a non-singular matrix c with a proper inverse.
Then following the same procedure as demonstrated above, the OFRF Y(jo; c 1 , c 2 , c 3 ) in this case can be obtained. The results are shown in Figs. 6 and 7. It can be seen that (1) By using the OFRF, the output spectrum can be plotted and analyzed under different combinations of the nonlinear parameters c 1 , c 2 and c 3 . This provides a straightforward understanding of the relationship between system output spectrum and model parameters that define nonlinearities. (2) The OFRF is varying with different values of c 1 , c 2 and c 3 . The effect on the output spectrum from any two nonlinear terms is not necessarily the simple combination of the contributions from each term respectively. Thus the parameters can be analyzed in order to get the best output frequency response performance. The OFRF provides a useful basis for this kind of analysis and optimization.
From the discussions above, it can be concluded that the OFRF-based analysis provides a novel, effective and useful approach to the analysis and design of nonlinear Volterra systems in the frequency domain.
Conclusions and discussions
Based on some recently developed results, the OFRF-based analysis for nonlinear Volterra systems is proposed in this paper. The OFRF-based analysis provides a novel and effective approach to the analysis and design of nonlinear Volterra systems in the frequency domain by using the explicit relationship between the system output frequency response and model parameters. The OFRF is characterized by its parametric characteristic timing a complex valued frequency dependent function vector. Thus in stead of the direct analytical computation of the OFRF, the proposed method simplifies the computation of the OFRF by splitting the computation procedure into two parts-one is the computation of the parametric characteristics for the OFRF, which is analytical in the determination of the relationship between the output spectrum and model parameters, and simpler to be carried out, and the other is the determination of the complex valued frequency-dependent function vectors, which are obtained by using the least-square method. Some fundamental results, techniques, and a general procedure for the determination of the OFRF for a given NDE or NARX model subject to any specific input signal are provided. Although the proposed method needs r(N) simulation data for the numerical method of Process C, and the OFRF obtained by the proposed method is not analytical with respect to the input signal and frequency variants at present, the case study for a simple mechanical system shows that the OFRF-based analysis is a useful approach to the analysis and design of nonlinear Volterra systems in the frequency domain. [24] in order to finish the proof. &
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